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INTRODUCTION 
Guided waves scattered from defects in solid material might contain significant 
information about those defects. The major goal of non-destructive evaluation is to 
interpret the ultrasonic signatures from these defects. Scattering of Lamb waves from a 
normal, surface breaking defect is considered in this study. Reflection and transmission 
factors of the scattered modes are used to reconstruct the size of the flaws. Scattering Lamb 
waves from a crack have been investigated in [1-7]. Resonance phenomena for a crack 
parallel to the plate surface is considered in [5,6). In this study, the boundary element 
method combined with the normal mode technique [1,8] is used to study the relationship 
between crack size and the parameters of the incident mode. Irregular behavior of the 
reflection coefficient for special parameters of the incident mode is used for size 
classification. 
PROBLEM FORMULATION AND SOLUTION 
Let's consider an isotropic elastic plate of unit thickness as shown in Figure 1. 
y 
••• ••II 
---+ •x 
r. 
L 
Figure 1. Plate model, solid and dotted arrows show incident and scattered modes 
respectively. 
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The incident wave is a harmonic wave propagating in the positive x direction. The 
time dependent term e-u:ot is elsewhere omitted, where m = 2;if. The mode incident on the 
crack results in waves reflected and transmitted of the same order mode and of all other 
orders of propagation modes which can exist in the plate for the given frequency, according 
to the phase velocity dispersion curves as shown in Figure 2. 
For any frequency, scattering from a crack generates a finite nurober ofpropagating 
and countable nonpropagating modes. The total displacement field is the superposition of 
the incident and scattered wave fields 
"' V= A;'Vp(y)e'a,x + ~A;Vn(y)e±•a.x (1) 
n=l 
(2) 
The A;' is the known amplitude of the incident p-th mode, A; denote the 
unknown amplitudes ofthe scattered waves traveling in the positive and negative x 
directions respectively. V. (y) denotes the known displacements ofthe n-th mode for the 
traction free plate, a. represents the corresponding wave numbers. 
Far away from a crack only the amplitudes ofthe propagating waves are significant. 
The solution ofthe problern can be obtained by considering only propagation modes in the 
far scattered field. Therefore, the unbounded plate is replaced with the reetangular area 
between the dashed lines (Figure 1 ), for a large enough length L with following boundary 
conditions Eq. (3-4) on the right and left boundary, r + and r. respectively, expressed only 
through propagation modes. 
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V= A1NVp(y)e'aPx + ~A:Vn(y)e'Ffa,Y, at r± (3) 
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Figure 2. Phase velocity dispersion curves for an aluminum plate with longitudinal velocity 
VL=6.3 km/sec, shear velocity Vs=3.1 km/sec. 
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N 
t = A 1Ntp{y)e'a,x + LA;tn(y)e"''a,Y, 
n=l 
N is the number of propagation modes. The upper sign should be chosen for 
boundary r +, lower for r .. 
tn (y) is the n-th stress mode obtained from Vn (y) by using Hooke's law. The 
boundary-value problern for modeling area Ieads to the following boundary integral 
equations [9]. 
(4) 
(5) 
C~m(;)un(;) + Jt:(q,x)un(x)dr(x) = Ju:(q,x)tn(x)dr(x), q er (6) 
r r 
r is the total boundary ofthe modeling area, the value ofCk, depends on boundary 
smoothness, u, and t, are boundary values of displacements and tractions. u: and 1: are 
fundamental solutions in the frequency domain [10]. The procedure to obtain a numerical 
solution ofEq.(5) and to find the reflection and transmission coefficients is discussed in 
[1,8]. 
The results presented here are used for a sizing study of a sharp, tiny crack. In order 
to determine the crack size influence on the scattered elastic field, a frequency range above 
the cutofffor the first and second antisymmetric modes, Al and A2 respectively, are 
considered (Figure 2). First, let's consider frequencies above cutofT for the Al mode, where 
for a plate with unit thickness three propagation modes can exist. The thickness of the plate 
below the crack is d1 =(1-h) < 1, where h is crack depth. Such a frequency range is 
considered by traveling along the A 1 branch of the dispersion curve, frequency fo is passed, 
which is the cutofffrequency of Al for a plate ofthickness d1. In some neighborhood offo, 
the biggest change in the amplitude ofthe scattered wave field occurs at this critical value 
fo. When far enough from this frequency value, the reflection coefficients of the 
propagation modes do not depend offo, because the size d1 is no Ionger critical for Al, for 
this frequency range. The value fo is associated with crack depth and from the point of 
irregular behavior of reflection coefficients, crack size can be estimated. It is well-known 
that standing waves for the cut off frequencies of odd and even number phase velocity 
modes have different behavior [11]. Therefore, a similar procedure is obtained by 
considering the frequencies above the cutofT for the A2 mode. lt is shown numerically that 
different crack sizes are sensitive to different frequency ranges of different modes. 
The crack considered has an elliptical shape, with horizontal axis 2s and vertical 
axis 2h. The relevant crack parameters are sharpness, slh, and depth, h. 
NUMERICAL RESULTS 
Reflection coefficients for different incident modes for cracks with depths of 3% 
and 5% of a plate thickness are plotted in Figures 3-6. In each of these figures there exists 
a dominant maximum at a particularfo frequency value. Crack depth h is calculated on the 
basis ofthisfo value and the corresponding cutofffrequency fcut· Cutofffrequencies for 
modes Al and A2 are 0.51t and 1.51t, respectively [11]. 
(7) 
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Figure 3. (a) Reflection factors for the Al scattered mode (b} reflection factors for the SO 
scattered mode; both are for the AO incident mode, crack sharpness s/h = 0.01, crack depth 
h equals 3% ofthe plate thickness. 
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Figure 4. (a) Reflection factors for the SO scattered mode, (b) reflection factors for the SI 
scattered mode; both are for the A2 incident mode, crack sharpness s/h = 0.0 I, crack depth 
h equals 3% ofthe plate thickness. 
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Figures 3-4 represents the solutions ofthe direct problern for a 3% depth crack for 
different frequency ranges. Theinverse calculation ofthe crack depth, using Eq. (7) and the 
data shown in Figure 3, results in a depth of2.2% ofthe plate thickness. For the data 
shown in Figure 4, the inverse calculation results in a crack depth of 2.1% of the plate 
thickness. 
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Figure 5. Reflection factors ofthe AO scattered mode for the A2 incident mode, 
crack sharpness s/h = 0.01, crack depth h equals 5% ofthe plate thickness 
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Figure 6. (a) Reflection factors for the AO scattered mode, (b) reflection factors for the A2 
scattered mode; both are for the AO incident mode, crack sharpness s/h = 0.01, crack depth 
h equals 5% of the plate thickness. 
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Figures 5-6 show the reflection factors for the 5% depth crack for the cutofffrequency of 
the A2 modes. The inverse calculation of crack depth, obtained from the data shown in 
Figure 5, results in a value of3.7% ofthe plate thickness. For the data shown in Figure 6, 
the inverse calculation obtains a crack depth of 3.9% ofthe plate thickness. 
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Figure 7. Reflection factors ofthe A2 scattered mode for the A2 incident mode, 
crack sharpness s/h = 0.01, crack depth h equals 10% ofthe plate thickness 
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Figure 8. Reflection factors ofthe Al scattered mode for the A2 incident mode, 
crack sharpness s/h = 0.01, crack depth h equals 20% ofthe plate thickness 
Figure 7 shows the reflection factors for the 10% depth crack for the cutoff frequency of the 
A2 mode. Theinverse calculation of crack depth results in a value of 10.3% ofthe plate 
thickness. Figure 8 shows the reflection factors for the 20% depth crack for the cutoff 
frequency ofthe A2 mode. This data results in a calculated crack depth of20.0% ofthe 
plate thickness. 
CONCLUDING REMARKS 
The algorithm is suggested for classifications of surface breaking cracks with 
guided waves. There is a frequency value fo associated with the depth of the crack. Based 
on this value offo, the inverse calculation for estimating the depth of crackwas performed. 
Inverse calculations based on Eq. (7) gives more precise results for relatively big cracks. 
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